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Abstract For the second lowest order Raviart—Thomas mixed method, we
prove that the canonical interpolant and finite element solution for the vector
variable in elliptic problems are superclose in the H (div)-norm on mildly struc-
tured meshes, where most pairs of adjacent triangles form approximate paral-
lelograms. We then develop a family of postprocessing operators for Raviart—
Thomas mixed elements on triangular grids by using the idea of local least
squares fittings. Super-approximation property of the postprocessing operators
for the lowest and second lowest order Raviart—Thomas elements is proved un-
der mild conditions. Combining the supercloseness and super-approximation
results, we prove that the postprocessed solution superconverges to the exact
solution in the L?-norm on mildly structured meshes.
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1 Introduction and preliminaries

Gradient recovery methods for Lagrange elements have been studied exten-
sively by many authors, see, e.g., [30,29,3,4,5,27,28,26] and references therein.
Let u be the exact solution of Poisson’s equation and u; be the finite element
solution from Lagrange elements. In general Vuy, rather than uy is the main
quantity of interest. Gradient recovery methods aim to get a new approxima-
tion pp, to Vu by postprocessing up or Vuy. Comparing to Vuy, pp is often
H'-conforming and p;, superconverges to Vu in some situation. In addition,
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P, can be used to develop a posteriori error estimators. The recovery-based
a posteriori error estimators are popular for their simplicity and asymptotic
exactness, see, e.g., [4,29,28].

To derive recovery-type superconvergence, a common ingredient is the so-
called supercloseness estimate showing that the canonical interpolant and finite
element solution are superclose in some norm. In this paper, we consider the
RT; mixed method for the second order elliptic equation, namely, (1.5) with
r = 1. We shall prove that the canonical interpolant II}p and the finite ele-
ment solution p; are superclose in the H(div)-norm under mildly structured
grids, i.e., most pairs of adjacent triangles in grids form O(h'*®)-approximate
parallelograms except for a region with measure O(h?), see Definitions 2.1 and
2.2. The supercloseness result in this paper generalizes a result for the RTj
mixed method in [19]. For Poisson’s equation, Brandts [7] proved a superclose-
ness estimate for RT} on three-line grids, i.e., each edge in grids is parallel to
one of three fixed lines.

To relax the restriction on mesh structures in supercloseness analysis, we
give a constructive proof for Theorem 3.2 instead of using the odd-even ar-
gument and the Bramble-Hilbert lemma employed in [6,7]. For Lagrange ele-
ments over (c, 3)-grids, the authors in [3] transferred the local error [. V(u—
uy) - Vup, on each element T to line integrals by the divergence theorem, where
uy is the linear Lagrange interpolant. Then line integrals are grouped in terms
of tangential components of Vv, by delicate triangular integral identities. How-
ever, it’s not clear how to handle the local error fT (p—I}p) - qy for the RT,
element in a similar fashion. The key observation here is that RT, elements
satisfy the divergence-free property, i.e., div(p,41 — II}pr41) = 0 on a trian-
gle T, where p, 11 € Pry1(T)?. Hence p,y1 — I pri1 = V4w, o for some
Wyy2 € Prio(T) and it can be handled by Green’s theorem, see Section 5.

For mixed methods, the finite element solution p;, approximating the vector
variable p € H(div, £2) is the main quantity of physical interest. As far as we
know, existing postprocessing/recovery techniques for p and py, are restricted
to strongly structured grids, e.g., three-line, translation invariant and rectan-
gular grids, see, e.g., [11,14,13,7]. As grids become increasingly unstructured,
the rate of superconvergence of ||p — K, I1,pllo, 2 deteriorates, where IT}, is the
canonical interpolation and K, is some postprocessing operator. In addition,
most of the existing results of recovery methods focus on the lowest order case
while the analysis of recovery operators for higher order elements is limited,
especially on irregular grids. In this paper, we construct a new family of recov-
ery operators R} for RT, (r > 0) elements by fitting the numerical solution pj,
with a vector polynomial of degree r+ 1 in the least squares(LS) sense on each
local patch surrounding each vertex in triangular grids. We shall show that RY
and R}l have nice super-approximation property under mild and easy-to-check
conditions. The order of approximation of Rj is almost independent of the
mesh structure. Combining the supercloseness and Rj}, we finally obtain the
superconvergence of the postprocessed solution to the exact solution for RTj
and RT; mixed methods, see Theorem 4.4.
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Recovery by local least squares fittings is not a new idea. The famous
Zienkiewicz—Zhu(ZZ) superconvergent patch recovery Gy, is based on it, see,
e.g., [30,29]. For linear elements, |Vu — G, Vu|| = O(h?) under strongly reg-
ular grids (cf. [17]), that is, each pair of adjacent triangles form an O(h?)
approximate parallelogram. Alternatively, Zhang and Naga [28] proposed a
different LS-based patch recovery operator Gj, for Lagrange elements of degree
r by postprocessing the scalar function u rather than Vu. Roughly speaking,
[Vu — Ghul| = O(h™*1) provided each LS problem has a unique solution on
each local patch. R} can be viewed as a Raviart-Thomas version of GZH. In
practice, the excellent superconvergence property of Gj is attributed to the
unique solvability of vertex-based LS problems, which is difficult to prove on
unstructured grids. For example, [22] is mainly devoted to the analysis of the
uniqueness of the LS solution for G}, on unstructured grids. As far as we know,
there is no similar analysis for G with r > 2. We shall give a practical crite-
rion of uniqueness for G3 on unstructured grids, which also works for R}, see
Theorem 4.1.

For a domain U, the Sobolev seminorms and norms are defined by

k
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Sobolev norms with co-index and norms of vector-valued functions are gener-

alized in usual ways.
In this paper, we consider the second order elliptic equation

—div(az(z)Vu + a1(x)u) + ap(x)u = f(x), =€ 2, (1.1a)
u=g(x), x€aif, (1.1b)

where div = V- is the divergence operator, as, ag are scalar-valued and a; is
vector-valued. Assume that §2 is simply connected and a2, a1, a are sufficiently
smooth on (2. In addition, as > A > 0 for some constant A. Let

p = asVu+ aju,

a:agl, bzaglal7 c=ag.
Equation (1.1) is equivalent to the first order system

ap—bu—Vu=0, xel, (1.2a)
—divp+cu=f, xe€l, (1.2b)
u=g, €. (1.2¢)
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Let Q = H(div,2) := {q € L*(2)? : divqg € L*(2)} and V = L*(£2). The
mixed formulation for (1.2) is to find the pair {p,u} € Q x V, such that

(ap7 q) - (qa bu) + (le q, 'LL) = <q : n’g>’ (13&)
—(divp,v) + (cu,v) = (f,v), (1.3b)

for each pair {q,v} € Q x V. Here (-, -) denotes the L2-inner product on 912.

Let 7, be a collection of triangles that forms a triangulation of (2. Let
hy = |T|z be the diameter of T and h = maxrer, hy < 1 be the mesh-size.
Tr, is assumed to quasi-uniform, namely, maxre, hr < Co(minger, hr) for
some generic constant Cy. The quasi-uniformity implies the minimum angle
condition (MAC), namely, there exists a fixed constant @ > 0, such that
0 > © > 0 for any angle 0 of any triangle T' € Tj,. Given a one-dimensional or
two-dimensional subset U C R?, let

P-(U) = {v: v is a polynomial on U of degree < r}

denote the space of polynomials of degree < r. Let &, &7, 5,? denote the set of
edges, interior edges and boundary edges in T, , respectively. Let AV, denote the
set of vertices in Tj. Several kinds of local patches are useful for finite element
superconvergence analysis. For z € N}, let w, be the union of triangles in
Trn sharing z as a vertex. For e € &, let w, be the union of triangles in 7Tj,
sharing e as an edge. For T' € Tj, let wr be the union of T' and triangles in
Tr sharing at least one vertex with T'. The local nodes, edges , and triangles
in U are Np(U) = {z € Nj, : 2 € U}, En(U) = {e € &, : e C U}, and
Tn(U) ={T € Tp, : T C U}, respectively.
For r > 0 and T € Tj, define the space of shape functions

RT(T) := {(51) +vs (2) cv; € Po(T), i = 1,2,3}. (1.4)

2

The RT. finite element spaces are

z = {Qh S Q : Qh|T € RTT(T)7 VT € 771}7
Vi = A{vn €V :vplr € P(T), VT € Tr}.

The mixed method for (1.3) is to find {p},u}} € Q) x Vi, such that

(GPZ,Qh) - (qha bu;) + (le Qh,UZ) = <qh . nag>a qn € Q;m (153)
—(div p},, vp) + (cun,vn) = (f,vn), vp € Vy. (1.5b)
Under mild assumptions, Douglas and Roberts [12] proved the well-posedness

and a priori error estimates for the method (1.5).

Let |v|pmu = (ZTeTh |v\$n’T)% denote the mesh-dependent semi-norm
w.r.t. Tp. A < B means that A < CB, where C is a generic constant that
may change from line to line, and depends only on the shape regularity of T
measured by Cy or ©. We say A =~ B if A < B and B < A. The regularity
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condition will be indicated on right hand sides of estimates. In addition to Qj
and V;, we need the standard nodal finite element space

Wi ={w e C(2) :wlr € P(T), YT € T},

where C'(£2) is the space of continuous functions on {2. We present two well-
known inequalities that will be used in the rest of this paper.

Theorem 1.1 (Interpolation error) Let I} : C(2) — W} denote the La-
grange interpolation of degree r. For T € Ty and r > 1, it holds that

2
lv = Iivlloyr B olnrrr, 1<y < oo (1.6)

Theorem 1.2 (Trace inequalities ) For T € T, and v € HY(T), it holds
that

1
o + h2||Vollo.r. (1.7)

_1
[ollo,or < by ? (vl

2 Local error expansions

Fig. 1 A local triangle T and associated quantities.

We begin with geometric identities on a local element 7. It has three ver-
tices {zk}izl, oriented counterclockwise, and corresponding barycentric coor-
dinates {\;}3_,. Let ey denote the edge opposite to zi, 0 the angle opposite
to ey, £ the length of e, di the distance from zj to ey, ti the unit tangent
to ey, oriented counterclockwise, ny the unit outward normal to e, J¢, the
tangential derivative, 0y, the normal derivative, and 8t2knk_ the second mixed
derivative, see Figure 1. Corresponding quantities on triangles 7" and T" have
superscripts / and // respectively. The subscripts are equivalent mod 3, e.g.,
by =101,0) = 0s.

We have the rotational gradient V+tv = (—0,,v,9,,v)T, and the adjoint
V X q=0:,q — 0p,q1. V- and Vx are related by Green’s formula

/VLr~q:/ rq't—/rVXq, (2.1)
T oT T
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where t is the unit tangent to 0K oriented counterclockwise. For v € R2?,
define vt = (—vq,v1). Clearly, ni- = t, tii = —ny.
Now we introduce basic definitions for RT, elements. For e € &, let

{(wj,gj)}’“+1 denote the Gaussian quadrature on e, where {g;} are quadra-

ture points and {w;} are corresponding weights. {(wng)}ji% is exact for

P2r+1(e), i.e.,
r+1

/v = ijv(gj) for all v € Pary1(e). (2.2)

e j=1

Let v; € Pr(e) be the polynomial that is w_l at g; and 0 at the rest of
quadrature points. For T € Ty, let {) }T(T+1)/2 be the nodal basis function
of Lagrange elements of degree r — 1 on T ({N} = 0 if r = 0; {N;} = {1} if
r = 1). We can specify degrees of freedom of RT,. elements as

N] /q nevj, N%m = |T|/qm)\l7

where n, is a unit normal toe,q=(q1,q2)T,and 1 < j<r+4+1,1<I<r(r+
1)/2,m = 1,2. By (2.2) and the definition of v;, we have N7 (q) = q(g;) - me
provided ¢ € P,i1(e)?. For ¢ € H'(2)?, the RT, interpolant II}q € Q}
satisfies

N(ITq) = Ni(a), Nf™(IT;q) = Ni"(q),
for all indices j,l,m, and e € &,,T € Tp,. The existence and uniqueness of 11} g
is always guaranteed. In addition, II; is stable in the L°°-norm

1TEqllo,c0r < allooor, T € The (2.3)

For v € V, the interpolant Pjv is the L2-projection of v onto V7. There is a
nice commuting property about P}, II} and div, i.e.,

div(IT;q) = P (divg), Vqc H'(2)% (2.4)
The following interpolation error estimates hold, see, e.g., [12].
lg — T;gllo,e S A" alhr+1,0, (2.5a)
[ div(g — IT;q)llo,0 S A" div glnrt1,0, (2.5b)
lv = Prollo.e S B Holnrt1,0- (2.5¢)

In the rest of this section, we will present variational error expansions
for the RT; element. Comparing to RTp, the theory of RT; is much more
complicated. Let d be the diameter of the circumscribed circle of T'. For each
edge ey, there are several associated geometric quantities

4 2 (42
Hh,k 5760 (35 —3(6_4 £k+1) — 405 (Ly 1+£k+1))

Mb,k:ﬂm,k 144Od€1£2£3(£k 1 £k+1) ﬂ%zk 144Od2£2£2£3’

1
N%Lk:md(ﬁ €k+1)(4£2 (G — Gy)? =364 1+€k+1))

2 _ 2 1 2 1
Hi2kx = Ho1k = —Hi1,k>  H22,k = —Hi2k>



Superconvergent recovery of Raviart—Thomas elements 7

and second order differential operators {D? lk}lgimgg

D}}k:tk-afk, le_DQ =t - 02

tpng

11 _ 2 2
Dz’k—nk‘atk7 DQk—Dzk—nk a

trng

nk’
2
D2 kE — nk a,nk.

. . 2 . l
We define the second order differential operator Bx(q) == >_; ; ;_; 1% . D; 1.(@)-
The next lemma is our main tool for estimating the global variational error
whose proof is left in Section 5

Lemma 2.1 For ps € P2(T)? and wy € P2(T),

3

/(Pz — IIypsy) - V©wy = Z By, (p2) 9%, ws.
T

k=1"¢k

Built upon Lemma 2.1, we derive the local error expansion for general p.

Theorem 2.1 For wy € Po(T),

3
/(P — Ip) - Viwy = Z/ By.(p)0;, wa + O(h)|pls.r |V wallo7-

T —
Proof Let pr be the quadratic interpolant of p. By Lemma 2.1, we have

/T (p— IT}p) - V*w, = /T (id — 1)) (p - pr) - V'

v Z / Bi(pr — p)O2 ws + Z (p)O2 ws (2.6)

k=1"¢k
::I+H+IH,

where id is the identity operator. The inequalities (1.6) and (2.3) give the
upper bound

11| < |I(id — IT;,) (p — pr)
< hrl|(id — I13) (p — p1) 0,00,V
S hrllp = prllo,co, 7|V wallor

h%“|P|3,THVLw2||0,T~
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Using the trace inequality (1.7), inverse inequality, and /,l,;-lyk = 0(h%),

3
1111 S 1IBr(pr = P)llo.c, 197, w2
k=1
3 o N
<Y (b2 l1Br(pr — p)llor + h3|Br(pr — p)l7)
k=1

0,ex

ho || D hz|D?
(hp 2 | D*wsllo,r + hE|D*waly 1)

ol
-
= X

1 1
<D (b Wi (pr = p)lar + D3 WG (Pr = )]s r) x (W[ V- wslo,r)
S h%|P|3,T||Vlw2 0,T-
(2.8)
Combining (2.6)—(2.8) , we prove the theorem. O

Supercloseness estimates in this paper hold on mildly structured grids, see,
e.g., [ s 9 ) }

Definition 2.1 For e € &7, let T,T' € T}, be the two adjacent elements
sharing e. Define e; = €} = e. By going along 9T and 97" counterclockwise,
we obtain other two pairs of corresponding edges eq, €}, and ez, e5. We say w, =
TUT' is an O(h'*®)-approximate parallelogram provided |e;| = |ef|+O(h!%)
fori =1,2,3.

Definition 2.2 Assume &7 is the disjoint union of two subsets £f ; and Eh o
We say the triangulation 7;, satisfies the («, 8)-condition if for each e € &

we an O(h'+®)-approximate parallelogram, while Zeesg . lwe| = O(hP).

Although the expression of By, is complicated, it suffices to keep the following
in mind.

1. {By}3}_, are second order differential operators of magnitude hf-:

2
Bi(g) = O(h%) 3 0,0,

,5,l=1

2. For e € &7, we have w, = TUT". Let t. denote the unit tangent and and n.
the unit normal to e whose directions are induced by T. Let a = ﬁ fT a

and @’ = ﬁ fT, a. Let B. be the operator based on T and B., based on

T'. If w, is an O(h'**)-approximate parallelogram, then on the edge e, we
have the cancellation

2
aB.(q) — a'B.(q) = O™ 1)) " 0,0, gm. (2.9)

i,j,m=1
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Indeed, w, is an approximate parallelogram implies that ¢, = ¢} + O(h'*®),
tp =t + O(h*), sinby = sin ), + O(h®), d = d’' + O(h' ™). Combining these
estimates with @ = a’+O(h), (2.9) follows from the telescoping type inequality

n n
[Loi-]I0
i=1 i=1

< i |a; — by Hmax(aj, b;).
i=1

J#i

3 Supercloseness estimates

In this section, first we prove a superconvergence estimate for variational error
which is a foundation of supercloseness estimates.

Lemma 3.1 Let T, satisfy the (a, §)-condition and a be the piecewise con-
stant with a|lp = ﬁ fT a for each T € Ty,. For wy, € W,QL, it holds that

_ (L o B
(a(p — I}p), V*:wy) < p2min(g e, 2)(|p|2,oo,rz + |pls,2) |VEwh o,

Proof By Theorem 2.1 and the Cauchy—Schwarz inequality, the left hand side
is

(a(p — Ip), V*wp)

3
= 33 [ aBumdtun+ Y 0 Iplr |V wnlor

TeTh k=1"¢ TeTh
(X + X ) [ (@) - @),
e€E ., eegp ,uEY UC

+ O |pls.ellVEwsllo,e = 1 + 11 + O(h?)|pls,o|| Vw|

(3.1)

0,02+

Here the notations in (2.9) are adopted and B.(p) = 0 if e € £7. By the
cancellation (2.9), the trace inequality (1.7), and the inverse inequality,

IS S0 ptmn@e) D)o | D2wp o,

6652,1

< >0 ) (373 D2pllg 1 + W3 || Dpllor) (b E || D?whllo,r)
665,2,1

< 3w pls |V wllor
665,‘;1

< h2+min(1,a)||p||379||vlwh”0.,!2-
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For e € £, there is no cancellation. Let 2 = Ueegp ,ugowe- Using 12| =

O(h™in(16)) and the inverse inequality, the sum over Ep o is

s S BD%plose / 102w

e€Ep JUEY

2,00,02 Z / |V, |
We

eesg’zus;?

S hip

< Gl ol VEwn, 5.
Combining (3.1)—(3.3) we prove the theorem.

Subtracting (1.5) from (1.3) gives the error equation

(3.3)

(a(p —ph), qn) — (qn, b(u — uy)) + (divan,u —up) =0, qn € Qp, (3.4a)
—(div(p — pp),vn) + (c(u —up),vn) =0, v, €Vp. (3.4b)

Douglas and Roberts [12] have shown the standard a priori error estimates:

Ilp = phllo,2 S " Hullrt2,0,
| div(p — p},)
u—upllo,0 S A ullrs14s,0.2,

where 6,0 = 1 if r = 0 and 6,90 = 0 if » # 0. In addition, |
well-known supercloseness result for the scalar unknown u

0.2 S A ulligs,e,

1P = uplloe S B2 (fullrs245,0,02-

(3.6) holds on unstructured meshes and implies that || div(II;p —

supersmall. For convenience, let &, := II}p — p},.

Theorem 3.1 For general shape reqular Ty, and r > 0,
1 div(1T5p = ph)llo,2 S h" 2 ull24r46,0,0-

Proof Let
div f h

=_— > _cV/.
[divénlloe "

Vp -
By (2.4) and (3.4), we have

|| div &rllo. = (div&p,vp) = (P} divp — div p},, vp)

(3.5)

] gives the

(3.6)

Pp)llo. is

= (div(p — p}),vn) = (u — Plu, cop) + (Phu — uj,, cup).

It then follows from (2.5), (3.5), (3.6), and ||vp|lo,o = 1 that

| div &nllo.o = (u — Pfu, con — Py (con)) + O(R"?)|[tl|a4rrs,0,0

= O(h*" ) [ulls1,2lcvnlnrr1.e + OB ) [ull24r46,0.0

= O(h"™ ) ull2sr+s,0.0-

In the last step, we use v|r € P.(T) and the inverse inequality.
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Before proving the superconvergence estimate of || II}p — p} ||o. o, it is nec-
essary to discuss the L? de Rham complex in R?:

1Y) Y 0y o,

Here V = L?(£2) is equipped with the standard (-,-) inner product. Since we
are dealing with variable coefficients, Q is equipped with the weighted L? inner
product (-, -)q:

(1,92)a := (aq1,q2), qi,q2 € Lz(ﬁ)z-

The weighted L2-norm is ||qll. = (aq,q)?. Clearly, ||lqllo.c ~ |g|la for all
q € L?(2)?. Similarly, we have the discrete subcomplex

r+1 vt rodiv T
Wy — Q) — V= 0. (3.7)

Since (2 is simply connected, (3.7) is exact and the discrete Helmholtz/Hodge
decomposition (cf. [1,2,9,18]) holds:

L= VIW T @ grad, Vi, (3.8)

where @ denotes the direct sum w.r.t. (-,-),., grad, : Vi — Qj is the ad-
joint of —div : Q) — V; w.r.t. the weighted inner product (-,-),, namely,
(agrady, v, qr) = —(vn, div gy) for all g, € Q.

The last ingredient for our supercloseness analysis is a discrete Poincaré
inequality.

Lemma 3.2

lvnllo.2 < llerady, vplla, v € V4.

Proof div : Q) — Vj is surjective and there exists g, € Qj, and div gy, = vy,.

In addition, Raviart and Thomas [23] have shown that ||gule =~ llgnllo.0 S
[lvnllo,e2- It then follows

lvnlls,2 = —(agrad, vn, an) < |l grady, vslallvallo.e,
which completes the proof. a

With the above preparations, we are able to prove supercloseness estimates
for the RT; mixed methods.

Theorem 3.2 Assume that Ty, satisfies the («, 8)-condition. Then

h2+min(%,a,g) (

1T — pill < [Pl2.00.2 + [IPlls.2)-
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Proof For simplicity, the super-index r = 1 is suppressed in the proof. Consider
the discrete Helmholtz decomposition

& = 1Ip —pn = V5w, @ grad;, vp, (3.9)

for some {vy, wy,} € V} x W2, Let g5, = grad,, vi/|| grad,, vp||a. By Lemma 3.2
and Lemma 3.1,
| grady, vnlla = (grady, vn, qn)a = —(va, divqn)

diVéh .
m) S I1divEnllo.e < 72 lullrv2vs,0-

o (3.10)

It remains to bound V+wy,. Let g, = V+wy/|| V4w |la. The orthogonality
implies

IV*whlla = —(a(p — np), qn) + (a(p — pn),qn) == 1 + 1. (3.11)
I is split as
I'=((a—a)(p—1rp),qn) — (a(p — Irp), qn).
By ||@ — allo,c0,2 = O(h), (2.5) and Lemma 3.1,
in(laf
11| < h3|pla,o + h*Tmin(e: ’2)(|P|2,oo,9 +[Iplls.2)- (3.12)

By divg, =0, ||gnllo,.o = 1, (3.4) and (3.6),

II = (qh, b(u — uh))
= (b-qh,u— Phu—l—Phu—uh)
, (3.13)
= (b qn — Pu(b-qn),u— Pyu) + O(h”)|Julls,e
= O(h")|b - gnln2.0lul2,0 + O(h®)|u]l3,0.
Since qp,|r € P1(T)?, the inverse estimate implies
b~ anlzr < llanllor + 1D anllor < hz'llanlor-
(3.13) then reduces to
IT = O(h?)||ull3.0- (3.14)

Then the theorem follows from (3.10)—(3.12), and (3.14). O
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4 Superconvergent recovery

In this section, we introduce a new recovery operator R}, : Qj — VVT"'1 VVT+1
For q; € Qj, it suffices to specify nodal values of R} q. Here a node is the
location of the degree of freedom of Lagrange elements, Wthh can be a vertex of
a triangle or an interior point of an edge/ triangle. For vertices z1, 22, 23 € Np,
let Z1z5 denote the edge with endpoints z1, 2o and Z7z3z3 the triangle with
vertices z1, 22, 23. R} is defined in three steps.

Step 1. For each vertex z € N, let Rjqn(z) = gq.(z), where q, €
Pri1(w.)? minimizes the quadratic functional

r+1 ] ) )
> Y V@) - M)
eesh(wz)jzl
r(r+1)/2 2

FY Y S e A @)’

TeTh(w:) I=1 m=1

subject to g € Pry1(w,)?
Step 2. For each node z in the interior of an edge e = Z72z5 € &, let

Riqn(2) := (1 = a)qz, (2) + aq=,(2), a=|z—zl/lel.

Step 3. For each node z in the interior of the triangle T' = Z1z523 € Ty, let

ndn(2) 7= 16z, (2) + 0242, (2) + @3¢24(2),

where a1, a9, aig are barycentric coordinates of z w.r.t. z1, 29, and z3.

In some cases, w, needs be enlarged to ensure that the above LS problem
has a unique solution. Since R} depends only on the degrees of freedom of the
RT, element, Rj q is well- deﬁned for all g € Q and R} I} q = R} q. Recall that
Ni(q) = q(gj) n. if ¢ € Pry1(T)? and e € E,(T).

To clarify the recovery procedure, we give details to two important cases:
RTy and RT) elements.

Example 1. RTj elements on triangular meshes. In this case, R%qh is
a continuous piecewise linear function. At step 1, let {ej 1= Sh(wz) Let
m,; = (mj1,m;2)7 be the midpoint of e; and n; = (n]l, njg) be a unit normal
to e;. Then q, = (c1+c2w1 +c322, ca+c521+c6x2)T € Pr(w,)? is the minimizer
of

J
Flq) = Z (g(m;) -n; — qu(my) -n;)?,

subject to q € Py (w.)?.

Equivalently, ¢, = (c1,...,c6)7 satisfies the normal equation ATA.c, =
Ald., where d, = (gn(mq) - nq,...,qu(my) - n))7, A, = (a],...,al)7
isan N x 6 HlatI'lX7 a; = (’I’le,mjl’fljl,mjgnj‘l,’I’ng,mjlnjz,mjgnjg). Then

Ruqn(z) = q.(2) for z € Nj,.
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To avoid ill-conditioned A, on graded meshes, we calculate g, by scaling
it properly. Let h, = |w.|? and ¢.(&) = q.(z + h m) (61 + é221 + C3da, G4 +
és@1 + C22)T. Then &, = (é1,...,C6)T solves ATA S ATdZ, where A, =
(af,....a})T, a; = (njlamjlnjhijnjlan]27m31n32am32nj2) m; = (m; —
Z)/hz = (mjl,mjg). Then quh(z) = (61,64)1-.

Example 2. RT; elements on triangular meshes. In this case, R}th is a
continuous piecewise quadratic function. At step 1, let {e]} —1 = &n(w,) and

{3, = Th(w.). Let

. c1 + coxy + c3x2 + 04331 + csx1T0 + c6m2 2
L, = S Pg(wz)
7 + g1 + CoTay + 1077 + 11217 + 1273

minimize
2 2
Flg)=>_ (a(x;)-n; — an(®;) -n;)" + (a(y)) - nj — anly;) - ny)
L 2 1 1 2
+ == dm — 77 q,m> ,  q € Paw: 27
ZZ(M/T,, il S @ 2lis)

3+faJ+3 V3 ‘/§a]+

Whereq_(Qla‘D)T;q}L:(ththQ)T T; = b_]vy_] -
3+‘[bj, and e; = a;b;. Equivalently, ¢, = (c1,...,c12)T solves the normal
equation ATA.c, = Ald,, where

dz = (Qh(ﬂfl) ' n17qh(y1) . nlaqh(wQ) : n27Qh(312) TN, ...,

(1)) 1 1 1 )T
qn\yJy) Mg, ~7 qh,1s 777 qh,2y - T T 4dh,2 )
71| Jr, 71| Jz, Te| Jr,

and A, = (af,...,a}; ;)7 isa (2J +2L) x 12 matrix,

azj_1 = (nj1§;,n52€;), azj = (n;1m;,n;2n;),
&= (1,1‘j1,$j2,1‘?1,$j11‘j2,x?2),

n; = (17yj17yj27yj2‘17yj1yj27yjz'2)7 1 S .7 S J7
1

W (171'1,2727:%%,1’1{172,‘@3,0,0,070,0,0),
T

A2N 4211 =

asN 1o = (0,0,0,0,0,0, 1,$1,5E2,IE%,IL’1IE2,IE§), 1<I<L.

Tl Jr,
Then R} qn(z) = q.(z) for z € N},. At step 2, for the midpoint z of the edge
e = Z122, Rngn(z) = (g, (2) + q.,(2))/2. one can again introduce the scaled
polynomial ¢, (&) = q.(z + h.&) in practice.

Assume that the solution of each local LS problem at each vertex z is
unique. By definition R}, preserves (r + 1)-degree polynomials, namely, R} q =
q on T for q € P, 1(wr)?, which leads to the super-approximation property
llg — Ry qllo.o = O(h™2). However, it’s not obvious that these local LS prob-
lems are uniquely solvable. The next obvious lemma gives several statements
equivalent to uniqueness.
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Lemma 4.1 The following statements are equivalent:

1. There exists a unique q, at z.
2. A,c =0 implies c = 0.
3. II}q. = 0 on w, implies q, = 0.

Hence it suffices to study the unisolvence of II; on P, 4 (w2)2 11} is moment-
based interpolation while nodal interpolation is often easier to analyze. The
next lemma reduces Statement 3 in Lemma 4.1 to the case of Lagrange inter-
polation.

Lemma 4.2 Assume IIq. = 0 on w,. Then q. = V+tw for some w €
Pria(wy). In addition, for e € Ep(w,), w(l) = 0 at any Lobatto quadrature
point I on e.

Proof II}q, = 0 and (2.4) imply
divg, = div(q, — II},q,) = divq, — P} divg. = 0.

Hence q, = V4w for some w € P,42(w,). Given e = ab € &, (w.),

w(b)fw(a):/Btew:/qz~ne:/ﬂng~ne:O.

Hence w(z) = ¢ for all vertices z in w,. By subtracting ¢ from w, we can
assume that w vanishes at all vertices. For v € P,.(e),

/w@teuz—/v&gew:—/qz-nev:—/ﬂflqz-nevzo,
e e e e

and thus
/wﬁ =0 forall o € Pr_1(e). (4.1)

e

Note that on e = ab, the Lobatto quadrature [ f = Zgif w;f(l;) is exact
for f € Pary1(e), where l; = a + (b — a)l}, {l}};:f are zeros of the polyno-

mial j;. (s"T1(1 = s)" 1) and {y; };if are corresponding weights. Let ¥ be the

polynomial which is u;l at I; and 0 at rest of the (r — 1) interior quadrature
points {11}2212#] in (4.1). Then w(l;) = [ w® = 0. The proof is complete. O

The next theorem gives practical criteria of checking the well-posedness of

R?L and R}L.

Theorem 4.1 Let z be a vertex in Tp. If #T (w,) > 5 and the sum of each
pair of adjacent angles in w, is < , then there exists a unique q, at z for RY.
If #T (w,) > 4, then there exists a unique q. at z for R} .
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(. f)

Fig. 2 A local patch containing the reference triangle.

Proof Assume II}q. = 0 on w,. By Lemma 4.2, q, = V4w for some w €
Prio(w,). If r = 0, then w € P2(w,) vanishes at all vertices in w, and thus
w = 0 by Theorem 2.3 in [22]. Hence g, = 0.

If r =1, w € P3(w,) vanishes at all vertices and midpoints of edges in w,.
Without loss of generality, we can assume that z = (0,0) and the reference
triangle 7" spanned by (0,0), (0,1), (1,0) is in Tp,(w.).

If w is reducible, then the zero set w~1(0) is the union of three straight
lines(counting multiplicity) or the union of a straight line and a conic. Clearly
three lines cannot pass all vertices and midpoints in w, provided #7,(w.) > 4.
If w=1(0) contains a conic branch C, then C' must contain at least two vertices
a,b in w, because #7T,(w,) > 4. However, C' cannot pass through (a + b)/2
by elementary geometry.

Hence reducible w cannot vanish at all nodes in w, and we can assume

3 2 2 3 2 2
W = C1x7] + CoxTx2 + C3x1X5 + C4x5 + 525 + CeT1X2 + CrT5 + €8T + Coo

is irreducible. Furthermore, we can assume one of the coefficients of highest
order terms is 1, say ¢; = 1(similar argument for cs,c3 or ¢4 = 1). Let (a, )
be the vertex outside 7" next to (0,1), see Figure 2. Solving the linear system
of equations

w(1,0) = w(0,1) = w(1/2,0) = w(0,1/2) = w(1/2,1/2)
a f+1 a B
:“%mzw(y2>:w(y2):Q

3—3a _ 3a(a—1)
1+8° 27 B0+

Note that 8 # 0, 3 # —1 in (4.2), otherwise the irreducible cubic curve w=1(0)
intersects with a line at five distinct points, which is impossible by Bézout’s
theorem (cf.[25]). Also o # 1 otherwise it violates the topology of the patch
w.. Hence o/ = —ca/ey. Let (o, 8') be the vertex outside 7' next to (1,0).

we have

¢ = (4.2)
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Similarly we have o//3 = —ca/cy. Then it forces (a, ) = (o', '), which
contradicts #7;,(w,) > 4. Hence r =0 and g, = 0.
Therefore by Lemma 4.1, there exists a unique g, for r =0, 1. a

We say a vertex z is good if the condition in Theorem 4.1 holds at z, otherwise
it is a bad vertex. In practice, T}, typically has a few bad vertices, e.g., boundary
vertices. There are several ways of dealing with a bad vertex z. If z is directly
connected to a good vertex z’, one can define w, := w, and thus A, is of full
column rank. A more convenient way is to empirically add some extra elements
to the patch w, in practice, e.g., enlarge w, by one layer. Alternatively, one
can solve a rank-deficient local least squares problem, which might reduce the
rate of superconvergence of Rj,.
In the rest of this paper, we assume that

At each vertex z, there exists a unique g, .

Using the uniqueness of the LS solution, we obtain the boundedness of R} .

Theorem 4.2 For g, € Q) andT € Ty,

||R;Lq||07T 5 Hq”O,wTa r= Oa 1.

Proof For z € Ny, Let opmin and 0.« be the minimum and maximum sin-
gular values of A, respectively. The goal is to show that o, is uniformly
bounded away from 0. MAC implies #7},(w.) < Nmax = 27/6. Hence it suf-
fices to consider the case #7,(w,) = N for some fixed N < Ny ax. In this case,
#Ep(w,) = 2N. Let Ny = 2N, Ny = 6 provided k = 0 and N; = 6N, Ny = 12
provided £ = 1. Let My, xn, and Sy, xn, be the set of N; x Ny matri-
ces and N; x Ny rank-deficient matrices, respectively. It is well known that
Omin = dist(AZ, SN, x N, ), the distance (measured by matrix 2-norm) from A,
to rank-deficient matrices. dist(-, Sn,xn,) is continuous on My, xn,. Recall
that AZ is the scaled LS coefficient matrix determined by w,. Consider all
possible w, and define

A, = {Az € My, xn, : #Th(w,) = N,w, satisfies MAC}.

Clearly A, is a compact set in My, xn, and any A, € A, is of full rank
by the uniqueness assumption. Hence o, = dist(Az,SleNz) > Cy > 0,
where C7 depends only on the minimum angle ©. The maximum singular
value omax < C2, where Cy only depends on 2. For g5, € 95,

|éz| S ||<AZAZ)_1”2|Ale| S 0-72 Umax|dz|

3 min (43)
< Cr%Collgnl

000w Sz lanllow.
where | - | is the Euclidean norm. Finally by (4.3), we have
IRLgnllor S PlIRLGR]l0.co.r S hle:| S llanllo.wr

which completes the proof. O
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The super-approximation property of Ry follows from the uniqueness and
boundedness results.

Theorem 4.3 For g € H™2((2),

lg — Rhqllo.0 S h2qlitia,0, 7=0,1.

Proof Let T = Z1z223 € Tp, and Ty C £2 be a smallest local triangle containing
wr. Let g-+1 € Pry1(T1)? be the degree-(r + 1) local Lagrange interpolant of
g using based on 7T;. By the uniqueness assumption, R} @41 = @41 on 1. It
then follows from R} II] = R} that

(4.4)

lg — Rhdllor < llg = grsallor + [1BL 1T} (g1 — @)

Using the boundedness from Theorem 4.2, the stability in (2.3), and (1.6),
1B, 1T5(qr+1 — @llo.r S T (gr+1 — @)llo.wr (4.5)

S WL (@1 = @llo,owr S hllarr1 = @llo,cowr S B 2 |ali2r -
Combining (4.4), (4.5) and the shape regularity 7, completes the proof. O

In the end, we present the superconvergent recovery estimate.
Theorem 4.4 Assume that Ty satisfies the («, 3)-condition. Then
Ip = Ripilloo S B S) (ply oo + [Plesze), 7 =0,1.
Proof The theorem follows from
Ip = Rippllo.e < llp — Rypllo.e + |17, (5P — Ph)llo.;
Theorems 4.2 and 4.3, Theorem 3.2(r = 1) or Theorem 4.5(r = 0) in [19]. O

5 Proof of Lemma 2.1

The following elementary triangular identities hold:

cosO = (6_y + 0y — 03))(20—1ly1), siny =l /d,  dy = ly_1l41/d,

N1 = — sin9k+1tk — COS 9k+1nk, Ngy1 = Sin9k,1tk — COS Bk,lnk,

2 _ .2 2 . 2 .2 2
Oy, _, = cos8” O 410;, — 2c08 0k 11800k 110, ,,, +8in" 0110, ,
2 2 2 . ” 2 o2 2
O4,., = cos” Op_10;, + 2cosOp_18inb_10;, ,,, +sin” 0,10, .

(5.1)
For each edge e, we define several associated geometric quantities {a? LE1<i,,1<2

Oéim 24d€2€k 1£k+1(3€k (ekl €%+1)2)a

O‘%Q,k :04%171@ 12d2€ é 1£k+1(5i—1 _gi-&-l)a O‘%Q,k 6d3£ +1€k 15
a%m 4863 (fk 1 £k+1)(9€4 (fk 1 £k+1) )7

2 _ 2 _ 1 2 1
Qrop = Q1 = —Q11 %y Qo = — Qg -
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To prove Lemma 2.1, we introduce cubic bubble functions

Yo = MA2A3,  Yr = M1 M1 (Ae—1 — Aeg1), 1<k <3
By counting the dimension, it is clear that {wk}izo can span polynomials in
Ps(T) that vanish at {zx}3_, and midpoints of {e;}3_,. In fact, {¢}3_, has

been used to derive superconvergence of quadratic Lagrange elements (cf.[15])
and a posteriori error estimators (cf.[5]).

Lemma 5.1 For py € Po(T)?,
—II}py = V'r,
where

r=aj s D(p2)Yo + ) 15 Epi oy, V1<B <3,
k=1
Proof By II}(ps — II}p>) = 0 and using Lemma 4.2, we have
3
p2 — Ihpy = V(D cridy). (5.2)

For a unit vector d and the directional derivative dq, the definition of R71(T)
implies that Bﬁﬂﬁpg is proportional to d. Then applying d= - 8(21 to (5.2) gives

3
- 93ps = S cndiin. (5.3)
k=0

By direct calculation,
Fbo = 60aX10ar20als, (5.4a)
631/% = 68d/\k_16d>\k+1(8d>\k_1 — 6d/\k+1), 1<k<3. (5.41:))
In particular, 97 ¢o = 0 and 93 ¢; = —120;,/¢;. By (5.4) and (5.3) with

d = t;,, we have
154 Ek

Cr = 12’I’Lk 8tkp2 D2 k(pQ) 1 § k S 3. (55)

It remains to determine cg. (5.3) with d = ny, implies that

D% (p2) = oy, tho + cx Oy, Uk + ch—10y, k1 + Cr105, Yes1,  (5.6)
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By 6nk/\k = —1/dk,6nk/\k+1 = COS ek—l/dk-i-l, 8nk)\k—1 — COS 9k+1/dk—17 (5.4)
with d = ny, (5.5), and (5.6), we obtain

di—1dpdi11 22

— D
6 cos 01 cos O 1’k(p2)

03 (cos Or+1  cosOp1

Co —

+ ﬁdk ) Dy, (p2)

Gy dy 1 cosfi_1
e B B L PN B
12 cosOi41 (dk + A1 ) 2k—1(P2)

Gv1 din 1 cosOpiq
_ | — A Dll '
12 cos O (dk d_1 ) 2 k11(P2)

dr—1 diy1

Then using (5.1) and (5.7), we obtain ¢y = a;lykDg’lk(Pﬁ, 1<k <3 O

Now we can prove Lemma 2.1. In the proof, we shall use the integral
formula

)\ml)\mz)\mg - 2|T\m1'm2'm3' )\m1)\m2 o |e|m1!m2!
L7278 7 (my +mg +ms +2) L2 (g +ma 4+ 1)
T 1 2 3 ! e 1 2 !

(5.8)

where A1, Ay are barycentric coordinates w.r.t. the edge e.

Proof Using (2.1) and Lemma 5.1, we have

3
/(pQ—H}LpQ)-er2 :Z/ rVir, ~tk—/rAr2 =I1+11. (5.9)
T k=1"¢k T

Recall that ¢ = A\p_1Ak4+1 and let Ij, be the linear interpolation. Then using
the hierarchical representation

3
ro — Inrg = f% ;eiqskafkrg, (5.10)
and A¢r =2V Ag—1 - Vg1 = —2cos 0y /(dr—1di+1), we obtain
1 > 2 2
Ary = T ;zkek,lfm cos 0,03 1. (5.11)

It then follows from Lemma 5.1, (5.11), and [ v = |T|/60, [, =0,1 <
k < 3, that

3
T 1 > >
Il = —%coﬂrz = —m ;cofkﬁk_1€k+1 Ccos Qkatk’l“g
\ = (5.12)
1 i il
=130 Z/ ;D] (p2)l, cot 01,05, 72
k=17 ¢k
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cos 011 cosfp_1
sin 6y Nk+1 sin Oy

By the elementary identity ¢, =
Y = —Lr0r, (47)/2, we have

cos 01 cos 041
531) Vip, [ 2225y, — 2R
Z 12/ 2k (P2 VRV - | =g s = S Tk

cos 0,1 €08 Ok41 9
—224 [ et (Gt e~ s ).

ng_1, Lemma 5.1, and

(5.13)
Then using the quadrature rule (5.8),
3
1 511 cos 01 €oS Ok41 9
1= 730 2 (iPs(p2) (S Phaears — Gt thnars)
In addition, (5.10) gives
82 _ ék 82 62 82 gk 182
titi_1'2 = _2€k71 b T2 T 261@— trp1!2 ti_1”
C fk 1 &
2 2 + 2 k=1 o2
6‘tktk+1 = _2€k+1 atk 2~ 6tk+1 m tp 172
Therefore,
3
1 g cosOpr1  cosOp_q
= — D —
1440 ;/k {sin&k 26(P2) | =57 Uos
0 17
Sin’;ﬁDélk 1(p2) <cos 0 + —— o cos 0k+1> (5.14)
Eiﬂ 11 Cr 2
_ m])? or1(D2) I cos 1 +cosOy | ¢ Oy T2
Combining (5.12), (5.14) and using (5.1), we obtain Lemma 2.1. O

6 Numerical experiments

We test our recovery operators Rj with r = 1,2, 3 by the Poisson equation
—Au= fin £2,

where (2 and u will be given in the next three experiments. Readers are referred
to [19] for numerical results on recovery superconvergence of the RT} element.
The experiments are implemented using the iFEM package [3] in Matlab 2018b.
In tables, || - || is the L?-norm || -||o,«2, ‘nt’ denotes the number of triangles. The
order of convergence is p such that error~ ndof~ %, where ndof is the number
of degrees of freedom. The value of p is computed by least squares.



22

R. E. Bank, Y. Li

Fig. 3 Delaunay initial grid on a square.
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Fig. 4 (left)Regular refinement, 5504 elements. (right)Newest vertex bisection, 5504 ele-

ments.

Problem 1. In the first experiment, let {2 be the unit square [0, 1] and

u = exp(x1 + x2) sin(27z1 ) sin(mrxs)

be the exact solution. Due to Theorem 4.1, we do not enlarge the patch w,
when z is an interior vertex. If z is a boundary vertex, extra neighboring el-
ements are added to w, such that #w, > 8. It turns out that all local least
squares problems are uniquely solvable. We start with the Delaunay triangula-
tion in Fig. 3, and computed a sequence of meshes by regular refinement, i.e.,
dividing an element into four similar subelements by connecting the midpoints
of each edge, see Table 1. We also computed a sequence of meshes by newest

vertex bisection (cf. [20,8]), see Fig. 4 and Table 2.

For regular refinement, the sequence of grids satisfies («, §)-condition with
(o, B) = (00,1). For RT; elements, Theorem 3.2 predicts that ||II}p — p} || =
O(h?%), which is confirmed by Table 1. In view of the high order recovery
superconvergence |p — R}pt|| = O(h3*), our supercloseness estimate ||p —

R}pi|| = O(h*®) in Theorem 4.4 might be suboptimal.
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The sequence of grids created by newest vertex bisection is far from uni-
formly parallel, i.e., almost no pair of adjacent triangles forms an O(h'*%)
approximate parallelogram with some positive a. Hence there is no super-
closeness in Table 2. Surprisingly, we still observe apparent superconvergence

for |p — Ryp}||.

Problem 2: Although our supercloseness estimates only work for RTj and
RT; elements, we perform numerical experiments on the recovery operators
R% and R‘Z for RT5 and RTj5 elements. We use the same {2, u, and initial mesh
with regular refinement in Problem 1. Local patches w, is chosen in the same
way as in Problem 1. The numerical results are presented in Tables 3 and 4.

As mentioned in Problem 1, the sequence of grids satisfies («, §)-condition
with (o, 8) = (00, 1). Unlike RT and RTj elements, there is no supercloseness
phenomenon for RT> and RT3 even on regularly refined meshes. However, it
can be observed that the rate of recovery superconvergence is at least ||p —

vy || = O(h™*2) with r = 2, 3. Therefore, the supercloseness estimate is not
a necessary ingredient of superconvergence analysis. We conjecture that the
superconvergence is due to a significant number of locally symmetric patches,
see [24] for the theory of Lagrange elements.

Problem 3. Postprocessing superconvergence is often used to develop
recovery-type a posteriori error estimator and adaptive FEMs. In the end,
we test the adaptivity performance of R} on the domain 2 = [—1,1]%\ (2,
where () is a right triangle whose smallest angle is w = 7/24, see Fig. 5(left).

Let
2
- s r
Q) = r2=—w si ) — —
u(r,0) =r sin (2 ) T

™ — W

where (r, ) is the polar coordinate. The corresponding source f = —Au = 1.
We use the classical adaptive feedback loop (cf. [10,21])

SOLVE — ESTIMATE — MARK — REFINE.

It will return a sequence of meshes {7}, }¢>0 and numerical solutions {pp, }¢>o.
The algorithm starts from the initial grid 75, in Fig. 5(left). In the procedure
ESTIMATE, nr = ||R},,p,, — P}, llo,r serves as a posteriori error estimator for
each triangle T € 7T},. The procedure MARK selects a collection of triangles

M, C Th, such that
> nr 203 ) i
TeM; Te7—h£

Then the elements in M, and necessary neighboring elements are refined by
local mesh refinement strategy to yield a conforming subtriangulation 7p,.,
of Tp,. In particular, we use regular refinement with bisection closure in the
procedure REFINE, see Fig. 5(right) for an adaptively refined triangulation.
The numerical results are presented in Fig. 6.

It can be observed that the adaptive algorithm yields optimal rate of con-
vergence and apparent recovery superconvergence. A distinct feature of the a
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posteriori error estimator 7y, := ||R%Lep}11g - P;lullo,n =
well-known asymptotic exactness:

lim

= |p—pj,lloe

MNhe

)

(Zrer, )

W=

is the

which is numerically confirmed using the rate of superconvergence in Fig. 6

with a triangle inequality, see, e.g., [

Table 1 RT; with regular refinement

,4] for details.

nt [ p—pill [ e —pill [ [Ilp— Rppjll

86 3.176e-1 4.297e-2 5.186e-1

344 8.000e-2 7.852e-3 5.560e-2
1376 2.006e-2 1.397e-3 5.344e-3
5504 5.022e-3 2.461e-4 4.929e-4
22106 1.256e-3 4.336e-5 4.616e-5
order 1.998 2.501 3.414

Table 2 RT) with bisection refinement

nt [ lp—ppll [ e —ppll | llp — Ripjll

86 3.176e-1 4.297e-2 5.186e-1

344 1.325e-1 1.092e-1 7.453e-2
1376 3.401e-2 2.682e-2 1.005e-2
5504 8.604e-3 6.607e-3 1.610e-3
22016 2.164e-3 1.637e-3 3.336e-4
order 1.979 2.020 2.605

Table 3 RT> with regular refinement

ot [ lp—pill [ e —pill [ lIp — Ryp;ll

86 2.378e-2 5.201e-3 1.505e-1
344 3.022e-3 5.488e-4 1.005e-2
1376 3.792e-4 6.501e-5 5.247e-4
5504 4.745e-5 8.002e-6 2.551e-5
22106 5.933e-6 9.953e-7 1.351e-6
order 2.993 3.080 4.215

7 Concluding remarks

In this paper, we develop supercloseness estimate for the second lowest order
RT element and a family of postprocessing operators R}, for higher order RT
elements applied to second order elliptic equations. Since both the analysis of
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Table 4 RT3 with regular refinement

nt [ lp—pill [ ;e —pill | llp — Ripill
86 | 3.733e-3 3.394e-3 1.022e-2
344 | 2.359e-4 2.140e-4 1.180e-3
1376 | 1.478e-5 1.338e-5 2.668e-5
5504 | 9.242e-7 8.354e-7 6.377e-7
order | 3.994 3.996 5.330
1 1
0.5 0.5
0 0 = _
-0.5 -0.5
-1 B
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 5 (left)Initial grid for the adaptive algorithm. (right)Adaptive grid, 2026 elements.

10° :
,,,,, O(hz)
\ —o— TP - p}lI=0(h?2%?)
10 lIp - p}I=O(h206%)
—o—IIp - RipplI=O(h®®'%)
1072 F
S
>
1073 F
1074 F
10—5 L L L
102 10° 104
ndof

Fig. 6 Error curves for RT].

supercloseness and postprocessing operators are local, our superconvergence
results can be adapted to Neumann and mixed boundary conditions. In prac-
tice, R} can be extended to 3-dimensional RT elements in a straightforward
way although the theoretical analysis in this paper may need significant mod-
ifications; see also [13] for numerical experiments on a different postprocessing
operator for the lowest order RT elements in R3.
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